4.5

Polar Form
Learning Objectives:

e Torepresenta complex numberin polarform and vice versa

¢ Tolearn multiplication and division of two complexnumbers
in polarform
AND

e To practice the related problems

Let the complex number x + iy be represented by the
vector OP. This vector may be described in terms of the
length r of the vector and any positive angle 8 which the
vector makes with the positive x-axis. The number

r =.,/x2+ y?is called the modulus or absolute value of
the complex number and the angle @ is called the

amplitude or argument of the complex number.
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0 x=rcos b

From the figure,
X =rcosf , y =rsinf

Then
z=x+iy=rcos@ +irsinf =r(cosf@ +isinfd)
We call
Z=1(cos@ +isin )

the polar form of z and

Z=x+1iy

the rectangular form of the complex number z.



Example: Express z = 1 — iy/3 in polar form.

Solution:
’l"
i = 300
Q\\ X
&,
1 -3
- D
The modulus = \/12 — (—\IB) = 2
3

The amplitude @ is either 120° or 300°. Now we know that
Pliesin quadrant IV, hence, 8 = 300°.

Therequired polar form is
z =r(cosf@ +isinf) = 2(cos300° + i sin 300°)

Example: Express the complex number

z = 8(cos210° + isin 210°) in rectangular form.

Solution:
Since cos 210° = —;—E , 5in210° = —%
We have z = 8(co0s210° + isin 210°)

= 81——+ ( )] = —44/3—4i

The required rectangular formis z = —44/3 — 4i



Multiplication and Divisionin Polar Form

Multiplication

The modulus of the product of two complex numbers is
the product of their moduli,and the amplitude of the

product is the sum of their amplitudes.
We prove the above theorem as follows.
Let z; = r;(cosf; +isinf,) and
Z, = 1p(cos@, + isinf,)
z,Zy =1 (cosB; +isinfy) -1, (cosh, + isinb,)

B [ (cos B, cosB, —sinf, sin6,)
— iz +i(sin 8, cos@, + cos B, sinG,)

= 1,1y [cos(6; + 65) +isin(6; + 6,)]
The theorem is proved.
Division
The modulus of the quotient of two complex numbers is
the modulus of the dividend divided by the modulus of the

divisor,and the amplitude of the quotientis the amplitude

ofthe dividend minus the amplitude of the divisor.
We prove the above theorem as follows.
Let z; = r;(cosB; +isinf;) and

Z, = 1,(cosB, + isinf,)

z, 1i(cosB,+isin8,) 1 (cosf,+isinb,)(cosB,—isinf,)

z, 1y(cosB@,+isinf,) 1,(cosf,+isinb,)(cosB,—isinb,)

z; 1, (cos6ycos@,+sinb, sinf,)+i(sin b, cosf,—cos b, sin 6,)
Z Iy cos? 8,+sin? 6,

— :—;[CGS(Q:L —6,) +isin(6; — 6,)]

The theorem is proved.



Example: Given z; = 2(cos300° + i sin 300°) and
zo = 8(c0s210° + isin210°), find

a) the product z;z,

b)the quotient =
c) the quotient =

Solution:
(a) The modulus of the productis 2 X8 = 16,

The amplitude is 300° + 210° = 510°, but, following
the convention, we shall use the smallest positive
coterminal angle 510° — 360° = 150°. Thus

z12, = 16(cos 150° + i sin 150°)
(b) The modulus of the quotient Xis 2 + 8 = %.

Zz

The amplitude is 300° — 210° = 90°. Thus

2= i(cas 90° + i sin 90°)

Z3

(c) The modulus of the quotient2is 8 + 2 = 4,

Zq

The amplitude is 210° — 300° = —90°, but we shall
use the smallest positive coterminal angle
360° — 90° = 270°. Thus

22 = 4(cos 270° + i sin 270°)

Z4



P1:

Find the polar form of 3 1



Solution:

let z =+/3 +i = r(cosO + isin®), where

p— o] = \/(\/?)2 +(1)2 =2

and @ = tan™! (i) =57 R (i_)

X V3

Notice that z liesin quadrant-l. So, 6 :E

:. The Polar formof v/3 + i is 2({:05% + i sin g)



P2:

Find the rectangular form of Z(EGS 315 + isin 315G).



Solution:

2(cos315 +isin315)

= 2(cos(~T) + isin(-%))

= Z(CDSE—ISIHE) 2(;—1—) V2 —2i

V2

The required rectangular formis 2 — v/ 2i.



P3;
If z; = 5(cos170 +isin170)and
z, = (cos55 +isin55 ), then find z;.2z,.



Solution:
Given,z; = 5(cos170 +isin170)
and z, = (cos55 +isin55)
Since, the modulus of the product of two complex numbers is
the product of their moduli, and the amplitude of the product is
the sum of their amplitudes.
~ The modulusof z;.z,is5 X 1=5
and amplitude = 170° + 55° = 225°
Therefore, z;.z, = 5(c0s225° + i sin 225°).



P4.
If z;z = 6(cos230°+isin230°) and

Z> = 3(cos75° —isin75°), then find z; + Z5.



Solution:
Given, z; = 6(cos230°+ isin230°)
Zo = 3(cos75° — isin75°)
5 Zp= 3(cos 75>+ isin75%)
Since the modulus of quotient of two complex numbers is the
modulusof the dividend divided by the modulus of the divisor,

andthe amplitude of the quotientis the amplitude of the

dividend minusthe amplitude of the divisor.

: Z, . 6
~ The modulus of the quotient z‘_l is - = 2
2

And amplitude = amplitude of z; — amplitude of Z;
—= J30" 78" — 1hh

Therefore, = = 2(cos 155° + i sin 155°)

£



IP1:

Find the polar form of —1 — iy/3.

Solution:

let z = —1 —iv3 = r(cos@ + isind), where

= o \/(—1)2 - (—xﬁ)z =2

and @ = tan~ ! (l> = (£> = tan_l(aﬁ).

X

: i —g
Notice that z liesin lll-quadrant. So, @ = Tn

~. The Polar formof —1 — i/3 is 2(cos(— %ﬂ:) + isin(— E?n))



IP2:

Find the rectangular form of 2(cos225° + isin 225°).

Solution:

2(cos 225° + isin225°)
= 2(cos(180° + 45°) + isin(180° + 45°))

= 2(—cos45° — isin45°) = 2(%— it ) = 2
3

V2

The required rectangular formis —/2 — v/ 2i.



IP3:
If zz = 10(cos305°+ isin305°) and
zo = 2(cos65° + isin 65°), then find z;. 2.

Solution:
Given,z; = 10(cos305° + isin 305°)

and 2z, = 2(cos65°+ isin 65°)
Since, the modulus of the product of two complex numbers is
the product of their moduli, and the amplitude of the product is
the sum of their amplitudes.

- The modulusof z;.z,is 10 X 2 = 20

and amplitude = 305° 4+ 65° = 370°

But we use the smallest positive coterminal angle

i.e.; 370" — 360" = 10°
Therefore, z;.z, = 20(cos10°+ i sin 10°).



IP4:

If z; = 6(cos110°+isin110°) and
2 = %(cnleZ” + isin 212°), then find

Z4

£z
Solution:
Given,z; = 6(cos110°+ isin110°)

and z :E(mleZ”—l—isinZlZ”)
"2

Since the modulus of the quotient of two complex numbers is
the modulus of the dividend divided by the modulus of the
divisor,and the amplitude of the quotientis the amplitude of

the dividend minus the amplitude of the divisor.

- Modulus of the quotient e D gD

L3

|| o

and amplitude = 1107 — 212° = —102°
But, we use the smallest positive coterminal angle

i.e., 360° — 102° = 258°

~ 2 = 12(cos 258° + i sin 258°)

Z3



Exercises:

1. Express each of the following complex numbers in polar
form:

.—1+1iy3
. 6v/3 + 61
D =P
.—3 4+ 0i
.0+ 4i
—3 — 4§

- D O 0 O o



2. Express each of the following complex numbers in
rectangularform:
a. 4(cos 240" + isin240°)
b. 3(cos 90" + i sin90")
c. 5(cos 128" + isin128")



3. Perform the indicated operations, giving the result in both

polarand rectangular form.
a.2(cos50" +isin50") - 3(cos40” + isin40")

b. 6(cos 110" + isin110°) -~ (cos 212" + i sin 212°)
c. 10(cos305" + isin305") + 2(cos65” + isin 65°)
d. 4(cos 220" + isin220°) + 2(cos40” + isin40")
e. 6(cos 230" +isin230°) + 3(cos 75 + isin75)



4. Express each of the numbers in polarform, perform the
indicated operation, and give the result in rectangular form.

a. (—1+iv3)(¥V3+1i)

b. (1 + iv3)(1 + iv3)

c. (3—3v3i)(—2— 2v3i)

d. (4 — 4v3i) + (—2v3 + 2i)
e.—2 + (—*y@ + i.)

f. 6i + (—3 — 3i)



